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Abstract

The pixon-based image reconstruction of Puetter and Pi ~ na has ac hiev ed signi�can t

impro v emen ts o v er other metho ds in higher spatial resolution, greater sensitivit y to fain t

sources, and imm unit y to the pro duction of spurious artifacts and signal-correlated resid-

uals. The same tec hnique ma y b e used for those problems of large-scale structure whic h

allo w for v ariable smo othing. The comparison of di�eren t datasets is not impaired b y

the v ariable smo othing, b ecause a common underlying densit y/p oten tial �eld, whatev er

its smo othing, can b e applied to all datasets. By making optimal use of the com bined

datasets, the pixon metho d could therefore yield the most sensitiv e determination of the

cosmological densit y parameter, 
, from redshift and v elo cit y surv eys.

1 In tro duction

The mapping of large-scale structures and v elo cities shares fundamen tal similarities with image

reconstruction/restoration.

1

In b oth cases, the problem consists of solving an equation whic h

can b e written sym b olically as

D = H 
 I + N : (1)

Here D is the arra y of data p oin ts, I is the underlying �eld to b e determined, image or den-

sit y/p oten tial, and N is the noise in the data. The op erator H transforms the underlying

�eld to data space. F or images it is the p oin t-spread function (PSF), t ypically blurring the

image. In the case of large-scale structure it is a dynamical transformation from an underlying

densit y/p oten tial �eld to the appropriate data space.

1

The term image restoration is usually reserv ed for the case in whic h the image and data spaces are iden tical,

while image reconstruction refers to other cases, for example, the data migh t b e in the form of 1{d scans, while

the image is 2{d. F or our purp oses the distinction is unimp ortan t.



Figure 1: Comparison of pixon (FPB) and maxim um en trop y (MEMSYS) image restorations

of a syn thetic dataset, sho wing the true image, the noisy blurred input image, and the restored

images and their residuals.

In solving Eq. (1), the noise is tak en to b e su�cien tly w ell understo o d to allo w the de�nition

of a go o dness-of-�t (GOF) criterion, suc h as �

2

or lik eliho o d. It is further assumed that the

functional form of the op erator H is kno wn, although it ma y ha v e unkno wn parameters whic h

are to b e determined from the data. In the cosmological case, in fact, the whole p oin t is to

determine some of the parameters of H , esp ecially the cosmological densit y parameter, 
.

The purp ose of this pap er is to in tro duce some recen t dev elopmen ts in image pro cessing

in to the �eld of large-scale structure. x 2 brie
y presen ts some results of the new pixon metho d

of Puetter and Pi ~ na [17 , 16]. Since this metho d is based on concepts in information theory

whic h are not generally kno wn in the astronomical comm unit y , the pap er then v eers to a

discussion of algorithmic information con ten t, x 3, complex adaptiv e systems, x 4, and denoising

using lo calized orthogonal functions suc h as w a v elets and w a v e pac k ets, x 5. (F or references see

those sections.) A detailed presen tation of the pixon metho d follo ws in x 6, with application to

large-scale structure in x 7.



Figure 2: Reconstruction of the en tire Einstein ring in FSC10214+4724, sho wing the ra w 2 � m

data tak en at the Kec k telescop e and the reconstructions using elliptical pixons and maxim um

en trop y . Note that the separation b et w een the p eak of the Einstein ring and the lensing galaxy

in this ground-based observ ation is only 1 :

00
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2 Image reconstruction/restoration

When the data ha v e high signal-to-noise ratios, Eq. (1) can b e solv ed to obtain information

ab out the image on scales smaller than the width of the PSF, pro vided that the data are

su�cien tly �nely sampled. This in v ersion problem is a generalized decon v olution, and su�ers

from all its problems: (1) There ma y b e less data p oin ts than image p oin ts, so the in v ersion is not

unique. (2) The PSF is a smo othing op erator, but noise in tro duces a high frequency comp onen t

to the data. A straigh t in v ersion, ev en if unique, ampli�es the noise. (3) A parametric �t of



the image is alw a ys p ossible, but there has to b e a mo del with whic h to parameterize. (4) If

it is not kno wn where to stop a parametric expansion, e.g., the order of a p olynomial, a GOF

criterion ma y b e used, suc h as �

2

or lik eliho o d, but the parameters ha v e to b e prioritized.

There is an extensiv e literature on in v ersion tec hniques, the state-of-the-art generally b eing

tak en to b e the maxim um en trop y metho d [1, 15, 21, 13]. Recen tly Puetter and Pi ~ na in tro duced

a new metho d using a F ractal Pixon Basis [17], to b e explained in detail in x 6, whic h is sup erior

at detecting fain t sources and resolving extended ones and far more robust against spurious

artifacts and signal-correlated residuals. F or a recen t review with extensiv e examples see [16].

A syn thetic example from that pap er is repro duced in Fig. 1, comparing the pixon metho d with

maxim um en trop y . A second comparison can b e seen in the latest pixon restoration [18 ] of the

full Einstein ring in the gra vitational lens FSC10214+4724 [12 ], sho wn in Fig. 2.

3 Algorithmic information con ten t

The algorithmic information con ten t (AIC) of a dataset is de�ned as the length of the shortest

program that prin ts the nonrandom con ten t of the data and stops [22, 14 , 2]. F or example,

consider a b o ok whose �rst ten pages con tain only the letter A, the next 10 pages B, and so

on, ending with Z on page 260. The rather meager information in this b o ok can b e expressed

v ery compactly b y a program, making it unnecessary to presen t the en tire data, i.e., the full

b o ok. In fact, the second sen tence in this paragraph, although written in plain English instead

of some computer language, is an accurate instruction for constructing the b o ok.

This de�nition of information di�ers signi�can tly from the original en trop y in tro duced b y

Shannon [20] whic h uses �xed quan ta of information, e.g., letters in the ab o v e example, or

pixels in an image. Shannon's en trop y is in v arian t under a random scram bling of the units of

information and is insensitiv e to an y c orr elation b et w een them. It assigns the same en trop y

to the ab o v e-men tioned b o ok and to one con taining a completely random distribution of its

letters. The AIC, on the other hand, seeks all p ossible regularities in order to minimize the

description of the information; it recognizes that the b o ok has some information in it b ey ond

the fact that eac h letter o ccurs the same n um b er of times. The maxim um en trop y metho d uses

Shannon's de�nition of en trop y and is therefore in v arian t under a scram bling of the pixels. As

a result, it is not as e�ectiv e in iden tifying extended structures.

Unlik e the ab o v e example, real data alw a ys include some un w an ted random noise, whic h

is not part of the information con ten t and is due to a ph ysical limit (e.g., photon statistics)

or instrumen tal noise. An arti�cially high noise lev el ma y ev en b e set b y the exp erimen ter

or analyzer to obscure unin teresting details that could b e detected. In an y ev en t, the noise

is c haracterized b y a lac k of correlation with the signal (information), and unpredictabilit y ,

except in a statistical sense. (Systematic errors are not considered here.)

Clearly , failure to recognize the random comp onen t in a dataset leads to an erroneous

determination of its information con ten t. Consider, for example, a simple series in an IQ test:

1, 2, 3, 4, 5, 6, 7, 8, ?. The information con ten t in this series can b e iden ti�ed b y an y c hild,

who recognizes instan tly that the next term in the series is 9. No w add noise, for example the

follo wing binary series w as obtained b y 
ipping a coin: 1, 1, 0, 1, 0, 1, 0, 0, ?. The real data are

a sum of the true information and the noise, viz: 2, 3, 3, 5, 5, 7, 7, 8, ?, and the next term in the

series is 9 or 10 with equal probabilit y . Most p eople presen ted with this series, conditioned as

they are on IQ tests, w ould attempt to �nd regularit y in it assuming it to b e noiseless|quite a

c hallenge, actually . On the other hand, if the series w ere plotted against index, most scien tists

w ould recognize the noise comp onen t and correctly dra w a regression line.

The p oin t is that, ev en for suc h a simple series, and certainly for more complicated data, it



is easy to mistak e noise for signal and misin terpret the information. F urthermore, the tendency

to mak e this mistak e ma y b e a function of ho w the data are view ed. An y searc h for information

con ten t, esp ecially an automated searc h, m ust a v oid this pitfall and correctly separate out the

noise, so the remaining signal is noise-free. The question is ho w.

4 Complex adaptiv e systems

A somewhat surprising result is that, in the presence of noise, the least complex, most eco-

nomical, description of information, i.e., the AIC, is also the most faithful ; the data are not

o v er�tted. In tuitiv e argumen ts illustrate this manifestation of Occam's razor. (F or an example

of a rigorous analysis of denoising see [9].) Consider an exp erimen t in whic h y

i

are measured

as a function of x

i

, and supp ose further that the true relation b et w een them is a p olynomial

y

i

= p ( x

i

) + �

i

; (2)

where �

i

is an error comp onen t. A simple p olynomial least-squares �t giv es the b est co e�cien ts,

and a GOF test tells at what order to truncate the p olynomial. But supp ose that a least-squares

�t is made with a sum of exp onen tials. More terms are t ypically needed to �t the data with the

same �

2

, and the �t is a wkw ard, with correlated residuals. The more economical p olynomial

�t is also the more faithful one.

But in the absence of a kno wn parameterization, ho w is one to c ho ose from an in�nit y of

p ossibilities? G• odel's incompleteness theorem actually guaran tees that the en tire information

con ten t of the data can nev er b e found. The meaning of information con ten t is therefore limited

a priori b y c ho osing an external language with whic h to describ e it, and this language, in turn,

restricts the allo w ed parameterizations. The c hoice of language do es mak e a di�erence. The

maxim um en trop y metho d mak es no allo w ance for correlations b et w een pixels in an image and

assumes that the most probable one is completely gra y . The pixon sc heme, b y con trast, fa v ors

images with large correlations.

A language that emphasizes correlations is more complex b ecause of all the p ossible group-

ings of pixels. Moreo v er, these groupings are not kno wn a priori and m ust b e learned from

the data. This is kno wn as a complex adaptiv e system. F or example, if a photograph of the

moun tains is tak en, with p erhaps some friends in the foreground, the information con ten t migh t

b e the bac kground moun tains and v alleys and foreground p eople. This sa ys that the image is

supp osed to b e made up of these ob jects, but not where in the image there are moun tains and

where v alleys, and whic h p eople are lo cated where in the foreground. The language can imp ose

restrictions on the t yp e of image, but in and of itself it do es not sp ecify all the details, whic h

can only b e learned from the data.

5 Lo calized orthogonal basis functions

F or data whose exp ected v alues are functions of kno wn v ariables, suc h as images as functions of

p osition, the language of information has long b een sp ectral. The data are describ ed b y means

of a sum o v er sp ectral functions

y

i

=

X

k

a

k

f

k

( x

i

) + �

i

; (3)

and the information con ten t consists of the length of the series and its co e�cien ts.



Man y sp ectral functions are p ossible. F or pulsed data, the F ourier sp ectrum migh t b e all

that is needed, while if spatial correlation is of no in terest, the individual pixel in tensities

su�ce. Images t ypically consist of extended con tiguous structures whic h are b oth lo calized

and ha v e spatial correlations. The c hoice of sp ectral functions for this in termediate case is

constrained b y the uncertain t y principle whic h determines the minim um v olume of phase-space

o v er whic h information can b e de�ned. There has to b e some giv e and tak e b et w een correlation

and lo calization of information.

In the last few y ears there has b een great in terest in w a v elets [6] and w a v e pac k ets [4, 5],

sp ectral basis functions that are lo calized, orthogonal, and translation and dilation in v arian t.

Their adv an tage is the sp eed of the transformations b et w een the original and sp ectral do-

mains, whic h require only O ( N log

2

N ) op erations (lik e a fast F ourier transform). Denoising

is ac hiev ed b y transforming the noisy data in to the sp ectral domain, applying either hard [10 ]

or soft [8] thresholding to the resulting co e�cien ts, thereb y suppressing those smaller than a

certain amplitude, and then transforming bac k in to the original domain. These metho ds result

additionally in data compression, since few er sp ectral co e�cien ts than data p oin ts need b e

k ept. They ha v e also b een used to iden tify the imp ortan t and noisy parts of initial conditions

in dynamical problems, e.g., [11].

Despite their strong adv an tages, ho w ev er, suc h denoising tec hniques ha v e their limitations.

First, the sp eed of the transformations dep ends on ev en sampling. More imp ortan tly , o wing

to their orthogonalit y , they m ust b e b oth negativ e and p ositiv e. But images and densities are

only p ositiv e, so a larger n um b er of basis functions is required to \in terfere a w a y" the negativ e

holes.

2

The orthogonal functions therefore form a less suitable basis in the AIC sense. This

is b orne out b y the resulting denoised images, whic h con tin ue to exhibit \visual artifacts"

requiring sp ecial treatmen t [3].

6 Pixons

A represen tation of images whic h is closer to the AIC, and hence less lik ely to sho w residual

artifacts, can b e obtained b y restricting the sp ectral functions to b e p ositiv e. This approac h,

originated b y Puetter and Pi ~ na [17], indeed leads to signi�can t impro v emen t in image recon-

struction and restoration, as evidenced b y sev eral examples giv en in [16] and the image of the

gra vitational lens FSC10214+4724 [18] sho wn in Fig. 2. F ain ter sources are detected, the angu-

lar resolution is b etter, and spurious features or signal-correlated residuals are largely absen t.

The pixon metho d starts with a �nely sampled p ositiv e pseudoimage, � , and smo othes it

with a p ositiv e k ernel function, K , to obtain the image.

I = K 
 � ) D = H 
 K 
 � + N : (4)

In its crudest form, the image mo del is made up of P con tiguous and nono v erlapping cells,

called pixons, with constan t in tensit y within eac h pixon. Unless these pixons ha v e v ery complex

structure, the AIC|the length of the shortest program required to sp ecify the nonrandom part

of the data|is lik ely to dep end mainly on the total n um b er of pixons, P , and b e a monotonically

rising function of it. The goal, then, is to minimize P , but without allo wing the residuals to

exceed the lev el exp ected for random noise. A straigh tforw ard w a y to ac hiev e this is to minimize

L = GOF + �P ; (5)

2

Ev en for the v elo cit y �eld, whic h can ha v e b oth signs, there are constrain ts, for example on r � v .



where GOF is a go o dness-of-�t criterion, suc h as �

2

or lik eliho o d, and � is a Lagrange m ultiplier

adjusted to giv e a \reasonable" GOF. (It do es not matter if � is attac hed to the GOF term or

to P .) The pro cedure is completely analogous to the maxim um en trop y metho d; the di�erence

is only in the c hoice of the en trop y term, whic h in the pixon metho d seeks images with as m uc h

smo othness as p ossible.

A more re�ned approac h limits the shap es that the k ernel function can tak e, but allo ws its

edges to b e fuzzy , o v erlapping adjacen t k ernels. F or example, the pixons used in the restoration

of the gra vitational lens FSC10214+4724, Fig. 2, w ere written as elliptical k ernels

K ( x j y ) = det

�

M ( y )

�

1 = 2

f

�

( x � y ) � M ( y ) � ( x � y )

�

; (6)

where y and x are the p ositions in pseudoimage and image spaces, resp ectiv ely , M ( y ) is a

p ositiv e-de�nite, symmetric, matrix whic h determines the directions and lengths of the axes of

the ellipse, and f is the k ernel shap e function.

The de�nition of pixons is here a little more subtle, b ecause of their fuzzy edges, but not

v ery di�cult. Note �rst that P need only b e sp eci�ed to within an unkno wn constan t of

prop ortionalit y , since the latter can alw a ys b e absorb ed b y the Lagrange m ultiplier, � . A

reasonable de�nition of a pixon densit y is therefore

p ( y ) = det

�

M ( y )

�

1 = 2

; (7)

with the total n um b er of pixons (the en trop y term) b eing the in tegral

P =

Z

d y p ( y ) : (8)

The sp ectacular impro v emen t brough t b y the pixon metho d to reconstructed image comes

with a price tag of signi�can t complication in n umerical computations: (1) There are no simple

orthogonal transformations b et w een the original and sp ectral domains as for w a v elets and

w a v e pac k ets. (2) In fact, since the k ernel v aries o v er the image, standard tec hniques for

con v olution do not apply either. (3) The minimization of L is nonlinear, with the n um b er

of v ariables prop ortional to the n um b er of pixels. (4) Unless the signal-to-noise ratio is high,

the minimization landscap e is v ery complex, and a program ma y ha v e to \slalom its w a y" in

complicated terrain to w ard the minimal v alue.

When the signal-to-noise ratio (SNR) is not to o lo w, a pixon reconstruction pro ceeds rea-

sonably w ell b y alternately minimizing the GOF term and P [16]. More elab orate metho ds are

needed for lo w er SNR. In the case of a 
 -ra y exp erimen t with lo w er SNR [7], the deriv ation of

the pixon map required mean �eld annealing [19], at y et higher computational cost. E�ort is

no w underw a y b y Puetter and the author to dev elop faster, and more general tec hniques for

minimizing L . Some progress has already b een made, but the ultimate goal, a \blac k b o x"

program whic h do es not require �ne adjustmen ts b y the user, is not y et at hand.

7 Application to large-scale structure

Galaxies in densit y and v elo cit y surv eys are unev enly sampled in space, b oth b ecause of real

densit y v ariations, and for practical reasons, particularly the increase of observ ational di�cult y

with distance. T rying to smo oth the �elds with a �xed windo w therefore requires compromises,

whic h in v ariably lead to o v ersmo othing in some lo cations and undersmo othing in others.

F or some applications, homogeneous smo othing is critical, for example in order to compare

with a theoretical probabilit y densit y function computed for a �xed smo othing windo w. In



other cases, ho w ev er, the ideal of homogeneous smo othing ma y b e relaxed in fa v or of the maxi-

m um information con tained in the data, in tro ducing at eac h lo cation the maxim um smo othing

p ermitted b y the the lo cal data.

Smo othing pro ceeds in analogy with image reconstruction, except that there is no blurring

due to a p oin t-spread-function. Instead, the op erator H tak es the form of a dynamical transfor-

mation from an underlying densit y/p oten tial �eld to the appropriate data space. F or densit y

determinations, the data are p ositions in redshift space, while for v elo cit y surv eys they are

magnitudes and v elo cit y widths. The pseudoimage is the densit y/p oten tial de�ned on a �ne

grid, and the pixon k ernel K smo othes it to the maxim um degree p ermitted b y a GOF criterion

for the data, t ypically a maxim um lik eliho o d estimator for densit y and a �

2

for v elo cit y .

The result is a densit y/p oten tial map with v ariable smo othing, whic h can only b e in ter-

preted together with its smo othing map. In particular, the comparison of t w o di�eren t den-

sit y/p oten tial maps is only meaningful when accoun t is tak en of di�erences in their smo othing

maps. A t �rst sigh t, this migh t seem to limit the usefulness of the metho d, particularly for

the all-imp ortan t comparison of densit y and v elo cit y �elds, used to determine the cosmological

densit y parameter, 
. Ho w ev er, in a join t mapping, the same underlying densit y/p oten tial �eld

can b e applied to b oth datasets. In a region in whic h the v elo cit y data are more sparse, sa y ,

the smo othing scale is determined b y the densit y , and the v elo cit y data are insensitiv e to the

�ne structure, and vice v ersa where v elo cit y data are more abundan t. The qualit y of the �t

can then b e tested a p osteriori b y v erifying that b oth datasets separately satisfy GOF criteria,

and that the residuals are random, sho wing neither auto correlation nor correlation with signal.

The success of the pixon metho d in image reconstruction suggests that, if all go es w ell, a

cosmological pixon �t, whic h mak es optimal use of all the data, could pro vide the most sensitiv e

determination of 
 from redshift and v elo cit y surv eys.

Ac kno wledgemen ts. I am indebted to R. Puetter for �rst in tro ducing me to pixons and then

for extensiv e discussions on the sub ject. This w ork w as supp orted in part b y NASA.
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